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The fractional quantum Hall effect (FQHE) has been considered as a puzzling quantum many-
body phenomenon that has yet to be fully explained. The experimentally measured Hall resistivity
curve must be clarified based on quasiparticle energy gaps, and therefore, revealing the relation
between plateau widths and energy gaps is key to fully understand the electron transport that
causes the FQHE. Here, we report that a quasiparticle of spin unity comprising an electron and
its image replacing the confining potential of an incompressible strip appropriately describes the
dynamics of electrons moving through the narrow strip under high magnetic field, and also that
correlated quasiparticles formed by many-body interaction have higher integral spins and play a
crucial role. The Zeeman effect for individual quasiparticles of spin unity splits a degenerated
Landau level into three sublevels, which produces plateaus of filling factor with denominator three,
and each sublevel splits again into five sublevels due to two correlated quasiparticles with total
spin two, which produces plateaus of filling factors with denominator five. This level splitting
continues with higher-order quasiparticle correlation. With such a scheme, we explicitly show that
plateau widths and energy gaps are connected via the degrees of multi-particle correlation and
reproduce experimental Hall resistivity and energy gaps, Only the lowest Landau level is studied,
where plateaus of even-denominator filling factors do not appear.
PACS numbers:
Two-dimensional electron systems often exhibit mar-
velous phenomena (1–3), with one being the fractional
quantum Hall effect (FQHE) (2). It is well known that
in a clean two-dimensional system at low temperature un-
der a strong perpendicular magnetic field, many plateaus
are observed at various fractional filling ν in Hall resis-
tivity. Most fractions have odd denominators except for
special cases. Even though the Laughlin wavefunction (4)
provides the basic idea behind the effect and the compos-
ite fermion theory (5, 6) picks up most of the observed
plateaus, these cannot reproduce the experimental Hall
resistivity curve (7). The reason may be attributable
to the nature of equilibrium theories based on magnetic
flux, which is not defined for cycloidal motion produced
under Hall bias. Since Hall resistivity is a phenomenon
of current flow under Hall bias, essential pieces of infor-
mation, i.e., where and how the Hall current flows, may
be crucial to explain the behavior of Hall resistivity.
Halperin (8) first proposed electron flow in the edge of
a Hall bar due to Landau level (LL) bending by the con-
fining potential. However, the previous studies (9, 10) on
edge current were unsuccessful in explaining the FQHE.
Some years ago, experimentalists (11–13) observed in-
compressible strips along the edge of a Hall bar in an in-
tegral quantum Hall system, through which Hall current
flows. Theoretical studies (14, 15) have already predicted
the existence of such incompressible strips in the edge re-
gion. We sketch compressible and incompressible strips
distinguished by electron density profile in Fig. 1(a). Re-
cently, Hall potential was measured in a fractional quan-
tum Hall (FQH) system around ν = 2/3 using a scan-
ning probing microscope (16); the result clearly shows
that Hall current flows in both edge and bulk regions de-
pending on the strength of the magnetic field. A related
schematic is sketched in the inset of Fig. 1(a) to which
we added incompressible strips. Notable points are i)
the width covered by the Hall current, about 5 µm, is
two orders of magnitude wider than the magnetic length
scale (h¯/eB)1/2, and ii) Hall current flows symmetrically
on the left and right sides. The first feature can be ex-
plained by allocating multiple incompressible strips, but
the second feature requires information on how the Hall
current actually flows through the incompressible strip.
It is well known that electrons follow a cycloidal mo-
tion when they move forward under a high magnetic field.
However, in a narrow confined region such as incompress-
ible strip, the motion changes to a skipping form at the
edge and a deformed cycloidal form away from the edge,
as sketched in Fig. 1(b). Then, the direction of motion at
both edges must be opposite, and the deformed cycloidal
motion will be slower than the skipping motion because
the former has a longer path. Different directions and
speeds in an incompressible strip declare the existence of
a well-type potential VC(y) (red line) in Fig. 1(b) because
the slope of potential reflects the group velocity of a car-
rier. We show in Fig. 1(c) that this well-type potential
naturally produces a left–right symmetric Hall current
under Hall bias. This explains the second feature of Hall
current. The well-type potential has not been explicitly
shown by calculations using a simplified model (14) or the
Thomas–Fermi approximation (15). More sophisticated
calculations are likely needed.
Now, we study electron motion in a well-type confining
potential. To describe it more effectively, we introduce
an image charge −q with the same spin, as depicted in
Fig. 1(d), thereby securing that the electron wavefunc-
tion will not leak out of the incompressible strip due to
the Pauli principle as well as eliminating the confining
2potential. The amount of image charge −q could vary in
position to fit the confining potential, but we neglect the
Coulomb effect between the electron and image charge in
obtaining the splitting in the lowest Landau level (LLL)
shown in Fig. 2. The strong magnetic field produces a
bound motion, as illustrated in Fig. 1(e), and yields a
quasiparticle of spin-state |χ↓↓〉 indicating a total spin
of S = 1. Thus, the basic quasiparticles formed in Hall
current flow are composite bosons of spin unity. Next,
we introduce many-body correlations among electrons in-
duced by inter-electron interactions in a two-dimensional
layer, which cause the correlated multi-quasiparticle mo-
tion sketched in Fig. 1(f) for correlated two quasiparticles
whose spin-state is given by |χ↓↓↓↓〉 with total spin S = 2.
One can easily imagine correlated three-quasiparticle mo-
tion with S = 3 and more multi-quasiparticle motions in
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FIG. 1: Electron dynamics in a FQH system. (a) Electron
concentration in the left half of a Hall bar of width L is pre-
sented by the dark blue line. Three incompressible strips
(yellow) having constant electron concentration, compressible
regions (white), and a depletion region (blue) are shown. The
inset depicts the schematic of an incompressible strip in the
region of Hall current (brown) (16). (b) Electron motions and
confining potential in the incompressible strip shown in (a).
The skipping motion (blue) is faster than the deformed cy-
cloidal one (green), which is consistent with the slope of the
potential (red). (c) Electron motions in a full incompress-
ible strip under Hall bias VH . The big arrows show that VH
induces a left–right symmetric Hall current. (d) A quasipar-
ticle comprising a real electron (blue) and an image charge
(gray) with the same spin. (e) Dynamics of an electron and
its image in the incompressible strip, depicting skipping and
cycloid-type motions. The quasiparticle has spin S = 1. The
down spin implies that the g factor is negative (17). (f) Skip-
ping motion of two correlated quasiparticles forming total spin
S = 2.
the same manner.
It will be clarified below that the formation of an
S = 1 quasiparticle yields three split states and the ma-
jor plateaus at filling factors p/3, where p denotes pos-
itive integers not larger than the denominator, and the
formation of two correlated quasiparticles of total spin
S = 2 yields five split states and the second major set of
plateaus at ν = p/5. Plateaus at ν = p/7 appear in the
next stage by three correlated quasiparticles of total spin
S = 3. All odd-denominator filling factors existing in the
region ν ≤ 1 appear as the splitting hierarchy continues
down. Such hierarchical separation has been proposed
without specific dynamics (18).
To fully understood the FQHE from a fundamental
point of view, one must explain the Hall resistivity curve
(7) in connection with the quasiparticle energy gaps (19)
while remaining consistent with the Hall current profile
(16) we discussed above. Therefore, these three essential
experiments must be studied within a single theoretical
framework.
For this purpose, we construct a Hamiltonian based
on the above discussions on electron motion in an incom-
pressible strip. A primitive Hamiltonian of a quantum
Hall system is composed of a term giving the LLs, a Zee-
man term for individual electrons, electrostatic interac-
tions giving the incompressible strips, and inter-electron
interaction in a two-dimensional layer. The latter two
are rewritten as a term describing quasiparticle correla-
tions discussed above, which is represented by the sum
of the Zeeman terms for correlated quasiparticles. Thus,
the Hamiltonian is written as
H =
∑
i(~pi + e
~Ai)
2
2m0
−
∑
i
g∗µB
~si
h¯
· ~B−
∞∑
n=1
(gcbµcbB )n
~Sn
h¯
· ~B,
(1)
where m0 is bare electron mass, ~p and ~A are electron mo-
mentum and vector potential, respectively, g∗ is the ef-
fective Lande´ g factor in the Hall bar (17), µB = eh¯/2m0
is the Bohr magneton where h¯ = h/2π with Planck con-
stant h, ~si is the spin operator of an electron, and ~Sn
denotes total spin operator of correlated n quasiparticles.
The coefficients (gcbµcbB )n, which are written analogously
to the previous term, are filling-dependent free parame-
ters.
The Hamiltonian in Eq. (1) is easily diagonalizable by
setting ~B = Bzˆ, which gives Szn|χ〉 = jnh¯|χ〉, where jn =
−n, · · · , 0, · · · , n for integral spin value Sn = n. Even
though we consider an FQH system with fully polarized
electrons occupying the LLL (20), all possible values of
jn are allowed because of level mixing (21) between the
up and down spin levels. Thus, the energy eigenvalues
for a given filling factor ν are given by
EνN,σ,jn = h¯ωc(N + 1/2− ζσ −
∑
n
δn,νjn), (2)
where ωc = eB/m
∗
c with m
∗
c the cyclotron effective mass,
N = 0, ζ = (g∗/4)(m∗c/m0), σ = −1, and δn,ν are free pa-
rameters replacing (gcbµcbB )n and representing the degree
3of n-particle correlation for a given ν. The free param-
eters δn,ν are fixed by fitting Hall resistivity and energy
gaps simultaneously.
For single quasiparticle dynamics (n = 1), three eigen-
states are separated by δ1, and each state has degeneracy
D
(1)
L = eB/3h, implying that a composite boson behaves
as if it has a fractional charge of e/3 in transport under
a Hall bias. Two correlated quasiparticles (n = 2) split
each state of n = 1 into five separated by δ2, while three
correlated quasiparticles (n = 3) further separates each
state of n = 2 into seven by δ3, as shown in Fig. 2. In the
limit n → ∞, one can identify that the half-filling state
(ν = 1/2) is gapless.
FQH resistivity can be attained by considering
classical Hall resistivity, ρxy = B/eρc, in a quantum
mechanical manner. Carrier density ρc is the density of
electrons in the incompressible regions, and it is given by
counting the quantum states determined by jn below the
chemical potential. Since both chemical potential and
energy eigenvalues depend on filling factor ν, Hall resis-
tivity ρxy must be obtained separately for each plateau
region by performing a state sum for the Fermi distri-
bution function, i.e. ρνxy = (B/e)[
∑
k f
ν(Ek)]
−1, where∑
k f
ν(Ek) = (eB/h)
∑
{jn}
[1 + exp{(Eν0,σ=−1,jn −
µν)/kBT }]
−1 for the LLL and
∑
{jn}
means
1
3·5·7···
∑+1
j1=−1
∑+2
j2=−2
∑+3
j3=−3
· · · (18).
In Fig. 3, we plot our theoretical Hall resistivity for
ν ≤ 1 superimposed on the experimental data (7). In
obtaining Fig. 3, we use m∗c/m0 = 0.067 of GaAs and
g∗ = −0.18 (17), which give h¯ωc = (1.73meV/T)B and
ζ = −0.003, respectively. We calculate at temperature
T = 10 mK using the values of δn,ν given in Table I and
chemical potentials given in the inset of Fig. 3. Hall re-
sistivity and chemical potential are matched by the same
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FIG. 2: Level splitting by multi-particle correlations. Di-
mensionless part of quasiparticle energy ∆ν is given by the
degrees of n-particle correlation δn,ν . Examples are given for
∆1/3 and ∆4/7 considering up to n = 3. The gapless na-
ture of half-filling state is clarified in the limit of the splitting
hierarchy.
colors. Chemical potential controls the horizontal posi-
tion of the resistivity curve. Agreement with the experi-
mental data (gray) is nearly perfect.
One interesting aspect of Fig. 3 is the Fermi liquid fea-
ture (22) of the orange section around ν = 1/2, which is
a part of the gray dashed line. This feature is consistent
with the zero-gap state of ν = 1/2 shown in Fig. 2. Then,
considering the half-filling state as the Fermi level clas-
sifies the odd-denominator filling factors as follows: the
sequences ν = q/(2q+1), ν = q/(2q+3), ν = q/(2q+5),
· · · , where q = 1, 2, · · · , belong to particle states, while
corresponding hole states are ν = 1 − q/(2q + 1), ν =
1−q/(2q+3), ν = 1−q/(2q+5), · · · , respectively. These
particle and hole sequences cover all odd-denominator
filling factors observed in the region ν < 1 (23).
Finally, we obtain the quasiparticle energy gap, which
is defined by the energy at plateau state ν from the
Fermi level ν = 1/2. Since ∆ν shown in Fig. 2 denotes
the dimensionless part of energy gap, we need the en-
ergy scale part h¯eBeff/m
∗
cb analogous to h¯eB/m
∗
c , where
Bνeff = |Bν − B1/2| and m
∗
cb denotes the cyclotron ef-
fective mass of a composite boson. Therefore, we write
the quasiparticle energy gap as EGν = (h¯eB
ν
eff/m
∗
cb)|∆ν |.
In Fig. 4, we plot EGν using the values given in Ta-
ble I and m∗cb/m0 = 0.21. Note that ∆ν in Table I
are given in terms of the degree of n-particle correla-
tion, δn,ν , which determine the Hall resistivity curve in
Fig. 3. The experimental data (black squares) (19) are
superimposed for comparison, and the agreement is per-
fect. The red crosses at ν = 5/7 and 4/5, which deviate
from the straight line, belong to the hole-state sequence
ν = 1−q/(2q+3). We neglect the effect of δ4 in obtaining
energy gaps.
Our understanding of Fig. 4 is somewhat different from
the previous explanation (6, 19, 24). We believe that a
gapless region may indeed exist, and that it covers the
region indicated by the red bar or orange area ranging
out to the two points where the straight lines meet the
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FIG. 3: Theoretical Hall resistivity superimposed on the
experimental data (7). The gray dashed line represents the
full resistivity line for ν = 1/2, and the red dashed line is an
extension of the gray. The chemical potentials in the inset are
matched to the Hall resistivity line according to color.
4TABLE I: Values of δn,ν , dimensionless part ∆ν, and Beff(T).
Color Red Green Violet Orange Blue Magenta Brown Black Yellow Cyan
ν 1/3 2/5 3/7 1/2 4/7 3/5 2/3 5/7 4/5 1
δ1 0.296 0.30 0.305 0.335 0.302 0.28 0.28 0.253 0.253 0.123
δ2 × 10 0.48 0.82 0.99 0.67 1.21 1.0 1.0 0.48 0.57 0.11
δ3 × 10
2 0.35 0.29 1.86 0.96 4.6 2.0 0.5 0.57 0.57 0.45
δ4 × 10
3 0.3 0.3 0.3 1.0 0.3 0.3 0.3 0.3 0.3 0.3
∆ν † 2δ2 δ2 −δ2 −δ2 −2δ2 ‡ ¶
−3δ3 +δ3 −3δ3 −3δ3
Beff(T) 9.5 4.75 3.12 2.43 3.29 4.9 5.7 7.0
†δ1 − 2δ2 − 3δ3; ‡ − δ1 + 2δ2 − δ3; ¶ −δ1 + δ2 − 3δ3.
zero gap line. More experimental data on energy gaps
are needed to study the different classes of filling factor
sequences.
In conclusion, we have revealed that both plateau
widths and energy gaps are determined by the degree
of multi-particle correlations as induced by many-body
interaction. Such many-body correlations producing the
fine structure of the LLL (Fig. 2) are responsible for the
essential features of the FQHE. We proved this fact by re-
producing experimental Hall resistivity and energy gaps
for ν ≤ 1. This study is restricted to the LLL because
the region ν > 1 contains the problems of spin polariza-
tion (20) and even-denominator filling ν = 5/2 that is
still under debate. We will study the challenging ν > 1
region separately as our next subject for understanding
the FQHE.
The author appreciates T. Toyoda, J. Weis, R.
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FIG. 4: Quasiparticle energy gaps. Theoretical values (red
circles) are obtained via EGν = (0.671K/T)(m0/m
∗
cb)2|∆ν | ·
|Bν − B1/2| with m
∗
cb/m0 = 0.21. They are superimposed
on experimental data (black squares) (19). Filling factors are
located on the upper horizontal axis. The data for ν = 4/9
and 5/9 are obtained using the relations ∆4/9 = δ2 − δ3 − δ4
and ∆5/9 = −δ2 + δ3 + 2δ4, and using δn values for ν = 3/7
and 4/7 in Table I, respectively. Filling factors ν = 4/5 and
5/7 (red crosses) belong to the hole-state sequence ν = 1 −
q/(2q + 3).
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